Spin superfluids enable long-distance spin transport through classical ferromagnets by developing topologically stable magnetic textures. For small spins at low dimensions, however, the topological protection suffers from strong quantum fluctuations. We study the remanence of spin superfluidity inherited from the classical magnet by considering the two-terminal spin transport through a finite spin-1/2 magnetic chain with planar exchange. By fermionizing the system, we recast the spintransport problem in terms of quasiparticle transmission through a superconducting region. We show that the topological underpinnings of a semiclassical spin superfluid relate to the topological superconductivity in the fermionic representation. In particular, we find an efficient spin transmission through the magnetic region of a characteristic resonant length, which can be related to the properties of the boundary Majorana zero modes.
Introduction.-In magnetic insulating materials spin transport is mediated via spin-wave excitations or magnons rather than electrons [1, 2] . Because the excitations in ferromagnetic insulators are bosonic, magnons are capable of supporting Bose-Einstein condensates [3] [4] [5] [6] [7] [8] and even spin superfluid transport [9] [10] [11] [12] [13] [14] [15] [16] [17] .
For a quasi-one-dimensional easy-plane magnet, the magnetic order is topologically characterized by the winding number of the mapping from R 1 to S 1 . When a spin bias is applied to the boundary of such a system, topological defects in the magnetic texture, which are characterized by nontrivial winding numbers, are nucleated [18] . The ensuing topological transport yields a long-range spin supercurrent [16, 19] subject to thermal [20] or quantum [21] phase slips. Such a supercurrent is suppressed, however, when the topological protection is destroyed by applying a magnetic field greater than the in-plane anisotropy. A preferred (easy) axis within the plane, furthermore, can reduce the mobility of the topological texture [19] .
In contrast to (semi)classical magnets, the elementary excitations in quantum spin chains exhibit strong quantum fluctuations. In particular, in the extreme case of the lowest spin 1/2, it is unclear to which extent the superfluid character of the winding dynamics is applicable and useful. Recent spin-caloritronic experiments on spin liquids have demonstrated that spin can be transported via quantum spin excitations by thermal biasing [22] . With these practical tools in hand, an important open question concerns the possibility of long-ranged collective spin flows in quantum spin chains.
In this Letter, we consider two semi-infinite XY spin chains, which realize Fermi-liquid like spin reservoirs (Fig. 1) . They supply and drain spin currents from a central region, whose transport is examined with an eye on spin superfluidity. We control the spin ordering and, consequently, the transport properties of the central region by applying an out-of-plane magnetic field, which, in the semiclassical view, would tune the superfluid density, and an axial anisotropy within the easy (xy) plane, The left and right sides, absent of anisotropy, have a gapless spectrum while the anisotropic central region is gapped. An incoming spin excitation, which is generically in a superposition of positive (n ↑ ) and negative (n ↓ ) spin collinear with the z axis, can be reflected (transmitted) as a spin up, R ↑ (T ↑ ), or spin down, R ↓ (T ↓ ), excitation.
which breaks rotational symmetry and would pin the condensate phase. When the spins are uniformly ordered by a sufficiently large magnetic field, transport of low energy excitations between the reservoirs is exponentially suppressed with the length of the central region. A chain with an easy-plane anisotropy and a sufficiently small applied magnetic field affords zero-energy excitations which are transported ballistically. Although the bulk spectrum is gapped when there is an easy-axis anisotropy in the xy plane, evanescent domain walls at the ends of the chain survive which contribute to the transport. This is explicated by performing a nonlocal transformation which maps the spin operators to fermions. In the fermionic language, the localized domain walls correspond to Majorana end modes. Analogous to the effect Majoranas have on the charge transport in topological superconductors, these localized domain walls qualitatively affect the transport in anisotropic spin chains. Specifically, for a sufficiently long central region, zero-energy excitations arXiv:1810.11470v1 [cond-mat.mes-hall] 26 Oct 2018 carrying positive spin along the z axis are perfectly reflected off the central region carrying negative spin; this is the analogue of perfect Andreev reflection from a topological superconductor [23] . Furthermore, zero-energy excitations can be ballistically transported through the central region when it is a certain resonant length, defined below, tunable by an applied magnetic field. This corresponds to perfect conductance of a fermion through a topological superconductor of the same resonant length.
Model.-A simple model to illustrate quantum transport is an N -site spin-1/2 ferromagnetic chain with a planar exchange coupling
(1) where σ µ i for µ = x, y, z are the Pauli matrices acting on a spin at site i. Here, J is the exchange coupling between adjacent sites, α parameterizes the asymmetry in the xy plane, and h is the magnitude of an applied magnetic field along the z axis. Lengths are measured in units of the lattice spacing a. For the following discussion, we assume ferromagnetic exchange and so restrict the parameters as such, J > 0 and 0 ≤ α ≤ 1 [24] . If there is no anisotropy, α = 0, the Hamiltonian is rotationally symmetric about the z axis. For finite α, this symmetry is reduced to rotations by π. There is a quantum phase transition when the magnetic field is equal to the exchange, |h| = J. When |h| > J, the ground state is a nondegenerate paramagnet in which the spins align according to the sign of the magnetic field. When |h| < J and in the absence of anisotropy, α = 0, the ground state is symmetric under rotations about the z axis. For a finite anisotropy, α = 0, this symmetry is reduced to rotations by π and the ground state is doubly degenerate.
The spectrum is found upon performing a JordanWigner transformation [25, 26] . Defining a spinless fermionic creation (annihilation) operator at site j, c j = σ
. That is, c † j or c j polarize the spin at site j parallel or antiparallel to the z axis, respectively, while the sites before j are rotated by π around the z axis. This corresponds to a spin flip at site j when acting on the paramagnetic ground state [ Fig. 2(a) ]. In the doubly degenerate phase, the excitation is a domain wall at site j which is polarized parallel or antiparallel to the z axis [ Fig. 2(b) ] and is the ferromagnetic analogue of the Villain mode [27] . Using these fermionic operators, Eq. (1) becomes
(2) This is the Kitaev chain [28] , describing a spinless metal (p-wave superconductor) for α = 0 (α = 0). The bulk excitations are known [29] and can be found in terms of the Fourier-transformed operators c k and c † k [30] . In the spin chain (metal) picture, c k creates holes carrying − spin quantized along the z axis (negative charge) while c † k creates particles carrying spin (positive charge). When the magnetic field is small, h < J, and the chain is absent of anisotropy, α = 0, the spectrum consists of a partially filled gapless band [29] . There are two zeroenergy modes with ±k 0 = ± cos −1 (h/J). A superposition of c k0 and c † k0 creates an excitation which changes spin direction in the xy plane throughout the chain:
where ϕ is an arbitrary phase. That is, suppose this operator acts on a chain uniformly polarized in the xy plane. The resultant state is a delocalized domain wall that rotates clockwise with wavelength 1/2k 0 , creating a spiral in the magnetic texture [31] [32] [33] [34] [35] . Similarly, taking k 0 → −k 0 , the state is a domain wall rotating counterclockwise. Note that these are delocalized Majorana fermions as they are Hermitian.
In the doubly degenerate ground state, |h| < J and α = 0, the system is no longer rotationally invariant and the bulk zero-energy modes are gapped out. However, in a finite or semi-infinite chain, there exist zeroenergy modes at the ends. In the fermionic language, these are the celebrated Majorana zero modes [28] while, in the spin language, they are localized zero-energy domain walls [26] . Together, these end modes form a nonlocal complex fermionic state which can be occupied or unoccupied, parameterizing the double degeneracy of the ground state. We focus on the regime when h < 0 and |h| J, so that the band is nearly depleted which corresponds to the spin chain largely po-larized antiparallel to the z axis [36] . Because k 1, we can pass from a discrete coordinate to a continuum, , and the mode at the right end is created by the operator d σ , zero-energy domain walls that are created by a π rotation around the x and y axis, respectively. When |h| > J, the system is trivially gapped and there exist no zero-energy bulk or localized modes.
Transport.-To calculate the transport properties of a finite size chain, consider a geometry in which the translational symmetry is broken: two semi-infinite isotropic spin chains (α = 0) are connected to either side of a finite anisotropic chain (α = 0) of length L. See Fig. 1(a) . The left and right isotropic sections of the chain are leads which provide a gapless source and drain of spin excitations, respectively, which probe the transport properties of the central gapped anisotropic region. Our setup is equivalent to a normal metal|p-wave superconductor|normal metal junction through which charge transport is mapped to spin transport in the spin chain [ Fig. 1(b) ]. In general, the leads are held at a different magnetic field, h , from the magnetic field of the central region, h. Furthermore, to enter the central region, suppose excitations must overcome an energy barrier U such that when U = 0 the leads are open and when U/J → ∞, the central region is totally disconnected [37] .
In the following we focus on the continuum limit of the system and proceed to calculate the scattering amplitudes in the fermionic description by matching the solutions at the interfaces between the leads and central region. Consider a right-moving excitation in the left lead with energy E. In general, this can be a superposition of a particle carrying positive spin with wave vector k > = 1 + (h + E)/J and a hole carrying negative spin with wave vector k < = 1 + (h − E)/J. The weight of the particle (hole) in the wave function is parameterized by n ↑ (n ↓ ). Because spin along the z axis is not conserved in the central region, the incoming excitation can be reflected as a particle or a hole with probability R ↑ or R ↓ , respectively. The excitation can likewise be transmitted to the right lead as a particle (hole) with probability T ↑ (T ↓ ).
Consider the regime near the topological phase transition, α 2 |1 + h/J|, in which the spectrum is gapped by |1 + h/J| at k = 0 [30] . First, this limit allows us to contrast the transport properties in the degenerate, |h| < J, and nondegenerate, |h| > J, phases with equal gaps. Second, zero-energy in-gap states have two decay lengths which are well-separated 1/κ + = 1/α κ − = α/(1 + h/J) and allow us to obtain simple analytic solutions for the transport properties when L ∼ 1/κ − . We study a zero-energy excitation with spin along the z axis impinging on the central region, E = 0 and n ↑ = 1. When the length of the central region is short, κ + L 1, the transport properties of both degenerate and nondegenerate phases are characterized by an exponential suppression of the transmission and perfect reflection (Fig. 3) . For κ + L 1, the two phases show a qualitative difference. In the nondegenerate phase, the transmittance remains exponentially suppressed and the reflection is perfect [ Fig. 3 (upper panel) ]. In the degenerate phase, the transmission and reflection probabilities are [30] 
where the resonant length,
When 1/κ − L < L 0 , the probability of transmission increases exponentially as the length of the central region increases [Eq. (4) and Fig. 3 (lower panel) ]. At L = L 0 , the probability to transmit a zero energy excitation is locally maximized and
Beyond L 0 , the transmission is exponentially suppressed and the particle is favored to be reflected as a hole. That is, a spin of 2 is perfectly injected into the anisotropic region. This is the spin chain analogue of perfect Andreev reflection in one dimensional topological superconductors [23] . Because L 0 is inversely proportional to h [Eq. (5)], for a fixed L, the probability to transmit the particle can be tuned by changing L 0 according to the applied magnetic field.
When |h| > J, transmission is suppressed for all L because there exist no in-gap states states in the nondegnerate phase. In the degenerate phase, on the other hand, there exist in-gap evanescent end states which can enhance transport. When L L 0 , the states do not overlap and there is no coherent transmission of the signal between the leads. Precisely at L = L 0 , the end modes overlap but are stabilized at zero energy because they leak into the leads. For U J, the operator creating such a zero-energy state is
which interpolates between the left and right zero-energy modes. Physically, this corresponds to a delocalized domain wall, exponentially weighted on the left and right ends, whose direction changes continuously by π between the two ends. Because T ↑ = T ↓ , no net spin is transferred between the leads. Nonetheless, a spinless flux of excitations should induce correlations between the leads and manifest in the spin noise. When L < L 0 , the end modes overlap and hybridize away from zero energy. Suppose an in-gap but finite energy, E, excitation impinges on the central region. There is a peak in the transmission probability at a different resonant length which is smaller than L 0 [30] . Furthermore, for an energy near the gap edge, E |h + J|, the transmission probability, as a function of length, has the form of a Lorentzian rather than exponential as in Eq. (4). Because the mode interpolating between the leads is not at zero energy, the probability of transmission for a positive spin is different than for a negative spin, resulting in a net flow of spin. This restoration of long distance transmission of spin is the remanence of classical spin supercurrent in the ordered quantum spin chain.
According to Eq. (6) these zero-energy domain walls in the central region are created by a rotation around an axis in xy plane. One may suspect that there would be an increase in transmission if the incoming excitation from the source was also created by an in-plane rotation, i.e. |n ↑ | = |n ↓ | = 1/ √ 2, in the sense of Eq. (3). Indeed, we find that when n ↑ e −iχ = n ↓ = 1/ √ 2 for
the transmission is perfect; the probability for an excitation to be transmitted to the right lead with positive spin and negative spin are equal and their sum is one. When the relative phase between the components of the excitation is χ + π, the transmission probability is zero.
Because an incoming excitation with spin collinear with the z axis can be expressed as an equal superposition of in-plane zero-energy excitations [38] , maximally, half is transmitted while the other half is reflected, consistent with Eq. (4).
Discussion.-We find that zero-energy excitations can be transported through degenerate gapped quantum spin chains at a resonant length, L 0 , but the transmission probability is exponentially suppressed away from this length. This is due to the long-range order of the spins along the axis of anisotropy. In contrast, the leads are isotropic in the xy plane and lack order, allowing zeroenergy modes to propagate ballistically. An easy axis gaps out these bulk modes. Semiclassically, topological defects can tunnel through this barrier or, upon applying a sufficiently large spin bias, overcome it energetically. Because evanescent modes are present only in the quantum regime, it is a feature unique to the quantum system that low energy excitations can persist over long distances thereby partially restoring the superfluidity [39] .
Suppose that the chain is made up of several elements each with a random in-plane anisotropy, as result of defects for instance, which locally order the chain. Adjacent elements whose anisotropy differs by an angle φ are equivalent to superconducting weak links in a Kitaev chain. Such a topological Josephson junction can support in-gap evanescent states whose energy is proportional to sin φ where φ is half of the difference in phase across the junction [28] . Hybridization of these localized states can form an in-gap band capable of supporting spin excitations. That is, disorder in an easy-axis spin chain can globally destroy the order on average, thereby restoring low-energy ballistic spin transport.
Throughout this manuscript, we have neglected outof-plane exchange interactions, i.e. along the z axis, between neighboring sites. It is known that such an antiferromagnetic exchange, corresponding to a repulsive interaction in the fermionic picture, can modify the order [40] and destroy the end states [41] for sufficiently large interaction. As a result, excitations can be perfectly reflected at the interface with the anisotropic region even when the magnetic field is smaller than the exchange [42] . Upon the inclusion of an out-of-plane ferromagnetic exchange interaction on the other hand, which corresponds to an attractive interaction in the fermionic picture, perfect spin injection into the anisotropic region remains even for a large out-of-plane exchange and can persist for large applied magnetic fields [42] . We leave the mechanism supporting this property and the length dependence of the transport [43] as an open question for future work. 
(8) Here, η j are the Pauli matrices acting in Nambu space. In the following we are interested in long wavelengths as compared to the lattice spacing, which is valid when |h| is comparable to J, so that the low energy Hamiltonian is
where we henceforth take h < 0. When α = 0, the energies are ±J[k 2 − (1 + h/J)] for the respective eigenvectors ϕ + = (1, 0) and ϕ − = (0, 1). The spectrum has two Fermi points, ±k ± 1 + h/J [ Fig. 4 (inset) ]. If |h| > J| the spectrum has a gap of |h + J at k = 0. When α = 0, the eigenvalues and eigenvectors are given by
respectively. For finite α, the spectrum E ± has a gap which closes at k = 0 when |h| = J signaling a phase transition with |h| < J (|h| > J) supporting a degenerate (nondegenerate) ground state. There are two qualitatively different regimes of the spectrum: (1) when 2α Fig. 4 (black solid and red dashed curve)] and (2) when 2α Fig. 4 (green dotted curve)]. In the first case, there is one minimum in the spectrum at k = 0 with gap |h + J|. Near the phase transition when the energy is within the gap, αJ |h + J| > E, all the wave vectors are purely imaginary, given by ±iα and ±i (h + J) 2 − E 2 /αJ, i.e. there are no propagating solutions. When the energy is above the gap but still near the bottom of the band (αJ E > |h+J|), there are two propagating solutions, ± E 2 − (h + J) 2 /αJ, and two totally imaginary wave vectors, ±iα. In the second case there are two minima in the spectrum which are symmetric about k = 0 where there is a local maximum. Deep within the degenerate regime, (1+h/J) α 2 , the minima are at ±k F with gap αk F J. When the energy is within the gap, E < αk F J, the four wave vectors are k F ± i α 2 − E 2 /J(h + J) and −k F ± i α 2 − E 2 /J(h + J); they oscillate with wave vector k F and decay or grow exponentially according to their depth within the gap. Above the gap with E < (h + J) 2 + J(h + J)α 2 , there are four propagating states with k F ± E 2 /J(h + J) − α 2 and −k F ± E 2 /J(h + J) − α 2 , i.e. two solutions around each Fermi point. When E > (h + J) 2 + J(h + J)α 2 , there are two purely imaginary and two purely real solutions symmetric about k = 0. 2 > |1 + h/J| and |h| > J, and (3) 2α 2 < 1 + h/J. Inset: The positive energy spectrum when α = 0 and |h| < J. The excitations for k < |kF | (k > |kF |) correspond to particles (holes).
ANALYTIC FORM OF TRANSPORT COEFFICIENTS
In general the solutions for the transport coefficients are rather complicated. However, when |1 + h/J| 1, the separation in length scales allows us to obtain an analytic formula for these coefficients in two regimes: κ − L 1 and κ + L 1. Because we are interested in the long length behavior in the degenerate phase, we focus on the regime when L κ + and |h| < J.
